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Abstract. The asymptotic form of the image interaction .is derived for a classical external
point charge at a distance z; outside a petiodic metallic surface, generalizing to real metals the
analytical result of Lang and Kohn for jellium. The centre of gravity z; of the induced charge
coincides with the position of the image plane zp in the limit of linear response. However,
whereas z; is shown to depend through non-linear response on the magnitude of the external
charge g, zg is independent of g. We show that surface periodicity does not modulate zp, but
adds to the image interaction a perodic component decaying exponentially with z. In addition,
the long-ranged effect of non-linearity on the interaction energy is a term aftractive to a positive
external charge and proportional to g3/(z; — z)®. We report first-principles pseudopotential
calculations of the interaction energy with three alumininm surfaces: (111), (1G0) and (110). A
supercell geometry is used. A discrete classical model without adjustable parameters reproduces
the effect of the surface periodicity on the image interaction at each of the three surfaces. .

1. Introduction

The interaction of a point charge with a metal surface has been studied theoretically for a
variety of reasons. In many studies particular interest has centred on the classical image
potential energy for a point charge ¢ at a distance z; from a metal surface

U =—g/4lz1 — 2. (1.1)

The position of the image plane, zg, is the key parameter in simple models applied to
real ‘metals, to explain for example the image induced surface states seen in inverse
photoemission [1-3]. The same form has been used in a quite different context to discuss
the effects of image potentials on tunnelling rates in the field ion microscope [4]. As our
origin for z we follow the usual convention and take the geometric edge of the crystal, half
an interplanar spacing outside the surface plane of atoms.

Equation (1.1) is-believed to be the asymptotic form of the effective exchange and
correlation potential energy, in the Kohn-Sham sense, felt by an electron near a metal
surface [3,6]. In this sense it is well known that one must go beyond the local density
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approximation (LDA) for (1.1) to hold. However, even in the context of non-local density
functional theory, such as the Gw approximation [7], (1.1) has aroused some controversy
between authors who regard it as arising from the Pauli exchange interaction [8] and those
who derive it from the correlation energy [9]. The exact form of the interaction remains
unknown.

We shall not address directly in this paper the above problem of the interaction of
an electron with a metal surface, interesting and important though it is. Our aim here is
rather to study the interaction of a static, classical point charge with a real metal surface.
We therefore do not address the complications of dynamics or the exchange interaction
between the charge and the surface, afthough if these are not dominant in the physics of
(1.1} our analysis may still be of some relevance to the asymptotic form of the electron—
surface interaction. Furthermore, in the case we are studying, the form (1.1) certainly does
not depend on whether the metal response is treated within the LDA or not—we believe
that it is valid for any model in which variations in the Coulomb potential at a surface are
essentially completely screened within a finite range below the surface. Our main motivation
in carrying out the present work was that, although we believe that the situation within the
jellium model has been adequately treated, in the case of a real discrete lattice there were
still some unsolved conceptual and numerical problems even in the simplest static case.
Besides, the image interaction is not only of interest in the context of the electron—surface
interaction, but also for the interaction of positrons or ions with a metal surface.

It is part of the folklore of the subject that the image plane position zo is identical to the
centre of gravity of the induced charge z.. This was proved in the classic paper of Lang and
Kohn [10], hereafter referred to as LK, for the case of a jellium surface in the approximation
of linear response. It is also true for a real metal surface, as stated by LK and proved here
explicitly. However, the identity of zo and z. no longer holds when non-linear response
is considered, as we shall see. Two questions arise when we think of going beyond the
Jjellium model and linear response theory while trying to retain the expression (1.1) for the
interaction energy.

(i) Does the image plane position vary with position parallel to the surface, refiecting
the corrugations in charge density and potentiai?
(ii) Is the image plane position for an external charge affected by non-linear response?

An image plane position which varies periodically, following the surface corrugations, is
rather a natural way to generalize (1.1) and it has indeed been used to interpolate between
the near-surface corrugated potential and the asymptotic jellium form [11], so a positive
answer to (i) is at least plausible. As for (ii) several authors have shown that the centre of
gravity of the charge z, induced by a uniform perpendicular field varies linearly with the
strength of the field, both for jellium and for a real metal {12-16]. It is therefore reasonable
to suppose that zg could be expanded in powers of ¢, with a linear term in ¢ that would
represent the lowest-order non-linear response. The answer to (ii) would then also be in the
affirmative. By analysing the linear response and the lowest order of non-linear response
to a point charge we show that although they were plausible hypotheses, in fact the answer
to both (i) and (ii) is no!

It is known already that the image plane position, at least in the sense of z, is affected
by the discrete lattice structure, and is not the same for real metals as for jellium {15, 17].
Nevertheless, it turns out that the concept of an image plane is still valid at distances such
that the periodicity is no longer significant. How far away is that? We show here how the
discreteness of the lattice canses variations in the image potential parallel to the surface,
which are an additional term to (1.1}, decaying exponentially with distance. The decay
length is the inverse of the shortest surface reciprocal lattice vector.
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Regarding (ii), the role of non-linear response, the question is resolved by a careful
distinction between the response to a point charge and to a uniform external field. Our
finding is that because of non-linearity the image plane position and the centre of gravity of
the induced charge are not identical. We derive a formula for the lowest-order non-linear
interaction. Of course, in a sense we can always generalize (1.1) by allowing zp o be
a function of the position and strength of the external charge, so forcing it to be true by
definition. That would be an empty result. Rather the physics of the situation specifically
gives us (1.1) with a constant zo equal to the z. associated with the linear response to
a perpendicular field. The corrections to (1.1) are exponentially decaying corrugations
together with a lowest-order non-linear term proportional to g*, which we find decays as
(21— z)™

The importance of the corrugations in the image potential is investigated numerically
by performing first-principles density functional calculations for an external charge above
the (111), (100) and (110) surfaces of Al, using a supercell technique. We show that as
expected on the basis of the preceding analysis, the corrugations are strongest above the
(110} surface. Finally we show how the corrugations are qualitatively reproduced for all
three surfaces by the discrete classical model (DCM) introduced in a previous paper [18] and
tested there for the (111) surface. This is a precondition for the DCM to be used as part of a
semiempirical model of the interface between an ionic crystal and a metal, and it represeats
an important numerical result of this paper.

2. The linear response of a real metal surface

In this section we present a generalization of LK’s treatment of the jellium problem to a
real metal surface, which gives us the asymptotic behaviour of the interaction including the
effect of the periodic lattice structure. As appropriate for problems of linear response at a
surface, we work in k space parallel to the surface (x, y) and in real space in the z direction
normal to the surface.

2.1, The induced charge distribution

We write the induced charge density n(x, y, z) as n(v, z) and its Fourier transform as

nik,z) = [ f dr n(r, 2)el* T, ' 2.1

It is convenient to consider the response to the total electrostatic or Hartree potential V
rather than to the external potential Vey. This is because the variation of V decays rapidly
inside the metal by virtue of the metallic screening, whereas the external potential is long
ranged. The linear response function X is defined by '

n(k,z) = Z f Kk, k—g,2,2)Vik—g,7). 22
3

Because of the periodicity, X is only non-zero if it connects pairs of k& vectors that differ
by a two-dimensional reciprocal lattice vector g.

It is straightforward to show that the potential of an external charge g situated at (r1, 1)
is given by

Vem(k, 2) = (2/kyge™ M, (2.3)
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The induced charge # creates a potential

2 .
Vina(, 2) = f & T e tng, ) 2.4

Inserting (2.3) and (2.4) into (2.2) gives an integral equation for #:
Mhﬂ=f&K&haﬂ%q@m%mWﬂ+fM%@ﬂwW%ﬂ

fdz K&, k—g,z, z) gle("‘|k-91321

gaéO

{ g ét9mg—lh=glla—21 4 f dz" n(k — g, 7")e~kall"~< } 2.5

We now assume that, by virtue of the metallic screening, the response function can be
assumed to vanish if its z arguments differ by more than a certain value 4. Thus wherever
K is not vanishing we have

2" —z] < d. : (2.6)
We further assume that the external charge is located at least this far from the region of
interest at z, at which the induced charge is evaluated; that is, it lies outside the metal charge
distribution:

71 —z>d. (2.7)
Combining (2.6) and (2.7) gives

71 —2 >0 (2.8)

Thus we can replace |z; — 2’| in (2.5) by z; — 2. It will also be useful to work with a
renormalized charge distribution, following LX:

Ailk, z) = ein(k, 2). (2.9
Making these substitutions in (2.5) we obtain

v2 % B . v
ﬁ&d=fmw&haﬂ?kwﬂﬁ+fm%mfwwﬂq

fdz Kk, k& — -9, z,z)[ Ictk—lk—gl)zl
—g

s;eo
% {qei(k-g)"f‘: alk—alz + fdzﬂ Ak —g, z”)e—lk—gl 12" 2] } (2.10)
We define #ig to be the solution of the g = O part of (2.10), namely

fo(k, 2) = j dZ' K (k, k, z, z’)gkz{qe'k” e + f dz” fio(k, 2")e K¢~ '}- (2.11)
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This part of the normalized density is independent of z;, just like the total 7 in the jellium
case treated by LK. The remainder A is defined by

Afi = fi — g - - T 12)
or in terms of the unrenormalized densities
An=n—ng=e" AR (2.13)

and from (2.10) and (2.11) it satisfies

. An(k, )= fdz'K(k, k, z, z')% { f dz" An(k, z”)e_"'z"zu']

fdz Kk, k—g.,z2,7) {qe—lk—glzlei(’ﬂ—g)-ﬁclk—QIZ’

g?eo |k — gl

+ fdzf-’ (e_lk—glz‘ﬁo(k —g, 2”) + Ank g, z”))e—lk—yl Iz"—z’[} (2.14)

2.2, The large-z; limit

We can write equation (2.14} in the shorthand form

An(k) +ZI(k k—g)xAn(k—g) = C(k,k— g)ge F-okgit-arn (2.15)
540 ‘

where the I(k, k — g) are linear integral operators acting on the z, the C(k, k — g) are
real mimbers (functions of z) and all the  and z, dependence is contained in the explicit
exponential factors. As we let z; become larger, the only term surviving on the right-hand
side is the one with non-zero g closest to k; let us label this reciprocal lattice vector g;. We
are not going to solve this infinite set of equations, because we do not know the response
“function that defines its coefficients, but we can see how the solution might be obtained in
principle and hence obtain its asymptotic behaviour as z, becomes larger. As a first step the
z variables would be discretized, so that the integral operators become matrix operators, and
we obtain as many equations as we have discrete z values. This is the well known Fredholm
method of solving integral equations [19]. As a second step we could reasonably assume
that only a finite number of g are significant, and we can add equations for k =k + G,
where & rons over all these significant vectors, say within some cut-off radius of the origin;
by this means we can generate as many equations as there are unknowns. Notice that the
right-hand sides all have the same z; dependence. Now if the resultmg system of linear
equations is solved, the solution must be of the form

An(k, z) = f(k, z)ge F-guin glligarrs, (2.16)

‘We will use this later to obtain the interaction energy.
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2.3. Sum rules in the small-k limit

Certain sum rules apply in the limit ¥ = 0, independent of the in-plane position ; of
the external charge, which for the present purpose we can regard as the origin of (x, y).
Referring to (2.14), we make the physical assumptions that A#(k, z) is finite in the limit
k =0, and that the summation over g is bounded. The factor 27 /k diverges, and therefore
the factor by which it is multiplied has to vanish in the limit of smail k. This implies that

fdz An(d,z} =0 (2.17)

which simply says that the net total charge density induced by the off-diagonal response is
zero. Applying the same arguments to (2.10) we have

q-i-fdzﬁ(ﬂ, z2)=0 (2.18)
and since from the asymptotic behaviour of An we have
lim 7k, z) = fip(k, z) (2.19)
Z1==O0
we also obtain

g+ f dz70(0,2) = 0. (2.20)

Another important sum rule for 7ip can be obtained, which is equivalent to a jellium
result derived by LK and which s essential for deriving the asymptotic image potential.

Consider equation (2.10) for z so deep in the metal that n(k, z) vanishes. Without loss
of generality fip must also vanish, for the following reason. Because #y is independent of
Z1, we can assume the case of arbitrarily large z; for which the limit (2.19) is reached.
Hence where n vanishes so does rg.

We now expand the right-hand side of (2.11) in powers of £. As the left-hand side
vanishes not only the constant term but also the term linear in & must vanish in order to
cancel the 2z /% divergence. This term is

qsz + [ dzr! ii(O, Zﬂ)kz.' . fdzﬂ ﬁ(O, Zn)kzn + f dZ” ﬁ] (0, Zﬂ)k = 0 (221)

Following LK, we have introduced the expansion coefficient 71, which must incidentally be
isotropic in & space for (2.21) to hold. The terms in z’ cancel by virtue of the last sum rule
(2.20), so we are left with ’

f dz" (0, 2" 7" = f dz" m (0, z"). (2.22)
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3. The interaction energy

The total interaction energy of the external charge with the metal is obtained in the usual
way by doing an adiabatic integration from zero to unity over the coupling constant X,
which switches on the external potential:

I
Ve = f f f dxdydz f hmcx. 72 23 1) V(2 3, 2) 3.1)
1]

where iy 15 the total charge density of the metal, including all electrons and ions. The
electron density induced in linear response r, and the second-order Iesponse 1z, appear as
the coefficients in the Taylor expansion of n,,; with respect to A:

- I
Veoe = ff/dxdydzf di [relx. ¥, 2, 0) + An(x, ¥. 2) + A%no(x, 3. 2) + - - IVWene(x, ¥, 2)
4]

=U1+ U+ Us+--- (3.2)
"t
where the first-order term in the interaction energy is the electrostatic interaction of the
external charge with the unperturbed metal: |

U, = f f dx dy dz ree(x, ¥, 75 )V (5, 3, 2). 33)

The first non-linear response term

Us = % ff dxdydznalx, y, 2)Vex(x, v, 2} (34)

will be discussed further below.

The image interaction is U/, which contains the induced charge in linear response. We
now analyse the long-range behaviour of this term, and to simplify the notation we drop the
suffix 2, which indicated the order of perturbation theory, as we have implicitly also done
for n. The image interaction is therefore

= %f[ dxdydzalx, y, 2)Veu(x, ¥, 2) =%(27r)‘2 fff dzdkn(k, 2) Veu(—Ek, z).

(3.5
This can be split into two parts
U=Uy+ AU (3.6)
where
= 1wy f f f 8z & (. 2) Vew(—k: 2) . a7
and

AU = L10m)™ f f dzdk An(k, 2) Veu(—k, 2). (3.8)
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The part AU varies periodically with the displacement of the external charge parallel to the
surface 7. This is intoitively obvious, but if desired the periodicity can be seen explicitly
as follows. Because Ar contains the factors &*~9Y: and V,,, contains the factor e=%71,
the k dependence in these factors cancels to leave the factor ¢™9™', There are such factors
in (3.8) for all non-zero g. and these factors represent the surface periodicity. On the
other hand the part Uy is translationally invariant parallel to the surface, since the only
dependence was in the cancelling factors e and e~#71,

Consider next the z; dependence of AU. Inserting (2.3} for the potential of the external
charge we have

AU = $(@2m)™! f f f dzdk An(k, D)e 2 ge M /), (3.9)

If z; is larpe compared to the interatomic spacing we can insert the asymptotic
equation (2.16) for Arn, and note that where the induced charge is non-vanishing z) > z,
which allows us to write the asymptotic form of AU as

AU = %(23’;)" ff dz dk e~ 821 glek—k—lk—gx[)zs esz(k, z)gze_igk""/k. (3.10)

We have grouped the exponents in this way to enable us to exiract the leading terms at large
z;. The integral over k can be written as a sum of contributions from each g, in which
each contributing % integral only extends over the Brillouin zone centred on that g:

AU = 3@2m)' ) e f f dzdk el k-abugk r(p 2yg2e0™ /. (3.11)
8#0 ken,

Now we exploit the inequality
—gmin S g—k—lk—g|<0 (3.12)

where gmin is the length of the shortest reciprocal lattice vector, which tells us that the
integrand i1s bounded for large z;. Hence the leading terms at large 73 will be those
containing the exponential factor with shortest g, describing the longest periodicity in the
surface. The shortest g belong to the set {guy}. Our final result of this analysis is that AU
falls off asymptotically with z; at least as fast as e™8me%t, It is well known that the potential
at a distance z from a planar array of compensating positive and negative charges with the
periodicity described by gmin falls off as ™82, 5o our result is not surprising.

Having dealt with the periodic part of the interaction, the asymptotic behaviour of Up
follows as in the jellium case. We expand g to linear order in k:

no(k, z) = e ¥4 {fig(0, 2) + 71(0, )k + - - -} (3.13)

where the exponential factor ensures convergence at large distance. Inserting (3.13) and
(2.3) for the potential into (3.7), expanding the potential in powers of & to linear order
{except for the factor e~*%', which ensures convergence) and exploiting the radial symmetry
to integrate out the orientation dependence of & we obtain

v = f f dz dit =20 {ig(0, ) + [27i0(0, 2) + iy (0, Tk + 0GR}, (3.14)
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Applying the sum rules (2.20) and (2.22) to (3.14) wé obtain
Up = —14% f dke 2 _ 7,47 f dik ke 2% 4 g2 f dk O (kB)e~Hn

2 2 .
q g ko 2 ( 1 )
=—- i 440 (5 : 3.15
471 47 7 z ©.19)
where we have introduced the centre of gravity zg of the induced charge, which is defined

by
gzp = —fdz zAp(0, 2). : (3.16)

It is easily shown that zp is also the centre of gravity of the charge induced by a weak
uniform perpendicular applied field. One simply has to imagine the applied field to be
generated by a uniform sheet of charge parallel to the surface, and then to integrate the
result for a point charge over all elements of the sheet. The result (3.15) can be written in
the familiar form

Up = —g*/4(z) — 20) +q20(1/é§’). (3.17)

If we add further terms &* to the expansion in (3.14) we generate corresponding terms of
order z; D in Uy, and the general result (3.17) allows for this.

The above derivation of (3.17) follows closely that of LK. We can however go further
and explicitly evaluate the terms in the Laurent expansion (3.17) if we use instead of (3.13)
an exact representation of ro(k, z) for small k&, which we-derive in the next section, (4.4).
This is straightforward, and we find that the coefficients in (3.17) are simply proportional
to the moments of the induced charge density. The result can be written in the form

U 3.18
0= 4(21 —20) = Z 2"(21 - Zu)" ©18)
where the moments are defined by

= fdz (z — z0)"no(0, z)/f dzno(0,z) . (3.19)

and the first moment vanishes by the definition of zy. From (3.19) we see that the effect of
the lowest-order correction to the image formuia (1.1) is to multiply it by the factor

A+3/a -0 . ’ (3.20)
in which zo = ./I2/2 is a distance of atomic dimensions, which is a measure of the
thickness of the induced charge distribation.

4, Classical models

We briefly describe in this section the two classical models used to understand the image
interaction, which will be compared later to the results of ab initio calculations.
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4.1. The classical continuum model (CCM)

The ccM refers to the elementary model of classical electrostatics, which deals with a point
charge outside a conducting half space. It is a useful reference model for thinking about
the real situation. The results are well known, and we recall only the essentials here. The
charge induced on the surface, which we define to be at zy, is

ncem(r) = —q(z1 — 20)/27[r? + (21 — 20)*1*2. 4.1)
In this case the transformed charge density introduced in section 2 is
neen(k) = —ge TR, @2)

The true induced charge density must have a similar form in the small-k limit, that is, where
the classical description is accurate, but it will be smeared out over z in the region of the
surface.

We have in previous work [18] described the situation for a point charge in the space
between slabs of conductor periodically repeated, which is the geometry for which our
numerical calculations have been made. The problem in classical electrostatics is identical
to that of a point charge in the space between two semi-infinite conductors, as follows by
the uniqueness theorem if all the slabs are earthed. The problem can therefore be solved
by summing the multiple images, as described previously. This was done for the geometry
of the periodic cells in which the DCM and first-principles calculations were also made.

Before leaving the CCM, we can use it to give a more heuristic derivation of the form
of n found in the limit of large z;. This helps to visualize the behaviour of n. We expect
the form of n(r, z) to be like the purely periodic form induced by a uniform perpendicular
field, modulated by the much more slowly varying envelope necym(r):

nr, 2y =g clg,2)e™ T necu (). (4.3)
4

Hence making use of (4.2) we find
n(k,2) =g _ (g, z)e =g, “4)
)

Notice the similar form to (2.16) for An, but (4.4) includes of course the part ng. The
contributions from different parts of % space are localizedsnear the reciprocal lattice vectors.
Figure ! shows schematically the form of » in real and reciprocal space. (4.4) illustrates
that at large z; all the g 7 0 terms decay exponentially as 8%, so the leading terms come
from k close to zero.

Another application of the classical envelope nccm(r) will be to estimate the effect of
non-linear response in section 5.

4.2, The discrete classical model (DCM)

This is the model, introduced by one of us in previous work [L8,20,21], that is a simple
extension of the continuum model to take account of the discreteness of the lattice. A brief
description of the bCM is as follows.

On each atomic site i of the metal we assume a point charge ¢(f) and a dipcle moment
p(i). An external potential is assumed to be caused by one or more fixed classical point
charges. The electric fields E(i) and the potentials V (i), are next calculated by classical
electrostatics. As further physical conditions we include the following.
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(a)

Figure 1. A schematic picture of the charge density at
a real metal surface induced by an external point charge
(a) in real space, indicating the similasity between the
charge induced locally in two different places, which to
- a first approximation is simply scaled by the classical
k envelope function, and (b) in reciprocal space.

(i) The total net charge mast be zero {(global charge neutrality).
(ii) Each atomic site of the metal must be at the same electrostatic potential.

These two conditions are sufficient to define a set of linear equations that uniquely determine
the values of g(i) and p(i). We need to define two input parameters: a ‘self-energy’ U,
- which defines the contribution of g (i) to the potential on its own site, and a polarizability «
of the metallic atoms. We have assumed a value of &/ = 10.9 eV, which describes the self-
energy of a uniformly charged sphere of the Wigner—Seitz radius Rys. The polarizability
we take to be that of a classical conducting sphere of radius Rys, namely (Rws)® (in atomic
units).

The resulting system of linear equations for the unknown g (i) and p(i) can be solved
by standard procedures. Hence we obtain the energy as a function of the positions of the
metal atoms and of the external charges.

5. Non-linear response

The result we now derive is at first sight paradoxical: non-linear response, while it shifts
the centre of gravity of the induced charge, does not in fact shift the image plane position.
Consider the situation at large z;, where the variation of the induced charge density between
neighbouring unit cells of the surface is very small. The response locally locks just like the
response to a normal resultant electric field of magnitude

E=A4x fff drdzn(r,z)/ffdr (5.1)
A A
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where A denotes a unit cell at the position of interest. This was the basis of writing the
induced charge in the form (4.3),

The most significant effect of non-linear response is to shift the centre of gravity of
the induced charge by an amount proportional to E {22]. Since E varies in proportion
to the local mean value of » over a unit cell, the shift of the local centre of gravity of
different regions of the induced charge varies from zero at infinity to a maximum value
directly beneath the external charge. We are now looking at local regions large compared
to a unit cell but small enough that the induced charge does not vary significantly between
the unit cells. This shift in the local centre of gravity will be the leading-order effect of
non-linear response. Shape changes in » will also be induced, but they contribute to the
induced potential only as higher multipoles, which we shall not consider. The potential
induced by this shift is that of a dipole p proportional to E and n:

p(r) = —agn(r)E(r) (5.2)
where from (4.1)

n(r) = —g(z1 — zo)/2[r? + (23 — 2o)*P? (5.3)
E(r) =4nn(r) 5.4)

and ay is the displacement of the centre of gravity of the induced charge per unit of normal
field, a quantity available from calculations in the literature [12, 13, 15, 16, 22]. It is known
that oy is sensitive to the lattice structure, and not well reproduced by jellium. For example
Aers and Inglesfield [15] found a value of 8.83 an for the Ag(001) surface, and Lam and
Needs [16] found 5.7 au and 3.9 au for AI(111) and AI{}10) respectively. In using the
classical solution for # here we are throwing away all but the feading-order contributions to
the z; dependence of the result. We are not therefore able to predict anything about the short-
range non-linearity, which in addition must reflect the periodicity. The sign convention is
such that a positive electric field is directed outwards from the surface and is associated with
a positive induced charge. The dipole is always negative, in keeping with the calcnlations
referred to. : .

- From (3.4) the contribution of the second order induced charge density to the interaction
energy is

1 Pz - 20)q
U= 3] e @1 = 20y’ PP ©63)

which, substituting for p(r), becomes
(z1 — z0)’q° _ __z_w g
[P+ @ —2P? 21 @20

Us = —%ag f rdr (5.6)
This is the result that tells us that the non-linearity does not affect the image plane position.
The latter is proportional to the coefficient of zl'z in the interaction energy, whereas we
have shown here that the non-linearity first enters to order z*. We also note that the non-
linearity provides an additional interaction attractive to a positive charge and repulsive to a
negative charge. Its magnitude is however negligible in comparison to the linear response
term, as the following calculations show, except at such a close range that the asymptotic
form is in any case no longer valid.
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6. The first-principles method

We use the standard density functional method {DFM) in the local density approximation
(LDA), a non-local norm conserving pseudopotential for Al, and a basis of plane waves.
A partial core correction for exchange and correlation is included routinely, although our
experience for surface calculations in Al suggests that this is not an important effect. A
plane wave cut-off of 8 ¢V was used. To minimize the energy with respect to the plane
wave coefficients a modified Davidson method was applied. Further details are given in

23].

7. Calculations and comparison with the classical models for three surfaces of Al

7.1 Ca_lcufations

The calculations have been made with supercells, each containing a slab of metal and a slab
of vacuum. Three cases were considerad, in which the slabs had (111), {100) and {110}
surfaces and contained three, four and six layers of atoms respectively. Each layer contained
four atoms. A three-layer slab for the (111) surface, with the same amount of vacuum, was
shown previously to be adequate for describing the surface energy [24]. More layers are
needed for more loosely packed (100) and (110) surfaces in order to reduce adequately
any effect of interactions between the surfaces of a slab. The width of the vacuum dy,
between the geometric surfaces of the slabs was chosen to be the same for each orientation
and equivalent to five (111) layers, for comparability with the ccM. The results are only
equivalent to a single charge above a semi-infinite metal when the charge is very close.
Otherwise, the effects of the overlapping response to the charges in the periodic array of
external charges and their images in the next repeated slab become apparent. These effects
of a periodic system will be fully included in the subsequent comparison with classical
models.

‘We have calculated the change in total energy per supercell as a function of position of
an external negative charge g = —|e|. The charge was moved in steps along a line in the
vacuum between surfaces. For each position of g, total energies were obtained using all three
approaches: the density functional pseudopotential method (PPM), the DCM and the CCM.
The results are shown in figure 2. The absolute value of energy in supercell calculations is
arbitrary and is not comparable between the different models. We have therefore set it in
every case to zero at the central position of g. In the CCM, the crystallographic orientation
is irrelevant and the calculations were made for classical conductors separated by a distance -
h approximately equal to dy,.. The separation 22 was then adjusted iteratively in order to fit
the results of the PPM calculations argund the centre of the vacuum. In this way the fitted
value of s provides an estimate of the location of the image plane:

C Zon = (dvac - h)/z- - (71)

This CcM value of zp was obtained corresponding to each slab orientation. However, these
values have to be treated with caution, for the following reasons. Because of the periodic
boundary conditions parallel to the slabs, we are really solving the problem for a planar array
of external charges rather than a single external charge. In the linear response regime this
does not affect the image plane position, and equation (7.1) is still applicable. One has to
extend the Coulomb summation over multiple images to include the images of charges in the
other supercells, and these terms rapidly become negligible as the distance from a surface
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Figure 2. Total energy calculations in supercell geometry as a function of position of the unit
negative charge in the vacuum between opposite faces of Al, Results are shown for {2) (111),
(b} {100) and (c) (110).

becomes less than the repeat distance. This is how we performed the ccM calculations.
However, if non-linear response is significant, the value of zg, obtained from equation (7.1)
is not the same as the true value zg for a single external charge, which as we have shown is
not affected by non-linear response. Why does non-linear response affect the zg, calculated
according to (7.1)7 A simple way to think of it is that in the limit of [arge z, far from
the metal surface, the array of charges as seen from the metal surface looks like a planar
sheet of charge. Its effect on the surface is then the same as that of a uniform perpendicular
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Figure 2. (Continved)

applied field. Consider this sheet of charge situated somewhere between the metal slabs, at
a distance xA from one surface and (1 — x)4 from the other. By simple electrostatics, the
surface charges induced on each slab are in the ratio (1 — x) to x. Hence the strength of
the field at either surface is independent of 4 and depends only on the relative position of
the sheet within the vacuum. The non-linear response to this field will shift the centre of
gravity of the charges induced on either slab, as discussed previously. If the sheet is near
the centre, x = %, the non-linear shifts of the induced charges on both sides are comparable,
and they increase the value of 4. We have monitored this effect in the case of the (100)
slabs by performing the PPM calculations for ¢ = —je|, g = —|el/2 and g = —|e| /4. After
refitting & we obtain the corresponding results for zg;, shown in table 1.

Table 1. lmaée plane positions chtained from pseudopotential cafculations for the (100} slab.

External charge  zpx (aw)

g = —lel 1.15
q = —le[/4 2,06

In a final series of calculations we have performed a coarse scan of the energy as a
function of position on planes parallel to the (100) and (110) surfaces, in order to obtain a
three-dimensional picture of the variaticns. Both PPM and beM caleulations were performed.
The results are illustrated in figure 3.

7.2. Discussion of results

For reasons of computation time it was not possible to scan the whole three-dimensional
space of positions of the charge. However, since the one-dimensional scan goes from top to
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Figure 3. Total energy calenlations on planes parallel to the surfaces, showing the corrugations
due to surface periodicity. The unit of fength & s the [attice parameter of Al The origin is

above an atomic site. (a) (100) with reag; (b) (100) with pea; (2) (110) with pew; (d) (110} with
DOM.

hollow sites, which lie on planes of mirror symmetry perpendicular to the surface, the scan
includes the extrema of the interaction energy. Hence the curve of energy from the pPM and
DCM versus distance across the vacuum in each geometry is not perfectly symmetric about
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its maximum at the midpoint, and its asymmetry gives us the amplitude of the corrugations
in the image interaction on a plane parallel to the surface. We see from figure 2 that
the asymmetry increases in the order (111), (100), (110}, exactly as we would expect on
the basis of the compactness of the surface planes, (111) being most like jellium. The
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magnitudes of gmin decrease in the same sequence, which from the previous analysis is a
measure of how fast the corrugations decay. As we had hoped, the DCM gives a reasonable
representation of the ab initio PPM data at closer distances to the surfaces than the symmetric
ccM (shown in figure 2(a) and (¢)). However, even the CCM is adequate down to about
5 au of the surface.

Figure 3 shows in more detail a comparison of the DCM and PPM results for the corrugated
image potential. We see that the DCM semiquantitatively reproduces the stronger attraction
above atomic sites compared to hollow sites. The energy above the (110) surface illustrates
much smaller variations as we move along parallel to the (110} close-packed rows compared
to the variations on a path perpendicular to the close-packed rows.

As table 1 illustrates, non-linear response makes a significant difference to the image
plane position as deduced from equation (7.1), although as we have shown it does not
alter the ‘true’ image plane position. To deduce the true value of the image plane position
we should extrapolate zgy(g) to g = 0, as attempted for the {111) surface by Finnis [18].
However, the determination of zo is rather poorly conditioned, because rather large changes
in zg make only small changes to the energy at distances near the middle of the vacuum in
our model. Coupled with the numerical noise in the PPM calculations, this leads to an error
of perhaps £0.2 A in the estimates of zgs by this technique. We can assume that with exact
data values, the extrapolation to ¢ = 0 would be exactly linear.

8. Summary and conclusions

The form of the image interaction for a classical point charge outside a real metal surface
has been derived by exploiting the property that external fields are screened out completely
within a finite range of the surface. The surface is assumed to be periodic. Our principal
analytic results are as follows.

{i) The asymptotic image potential (3.17) is valid, in which the image plane is the centre
of gravity of the charge induced in linear response by a perpendicular external field, just as
in the jellium result of Lang and Kohn.

(ii) Periodic effects due to the discrete atomic structure of the surface decay
exponentially, with the characteristic length of the surface periodicity, in keeping with
our experience of the potential from a static array of dipoles.

(iti) We have derived a Laurent expansion of the interaction energy in inverse powers of
21 — 2o (3.18). The first non-vanishing term after the image term is the inverse cubic term,
the coefficient of which is a measure of the thickness of the induced charge distribution.
The exact expression is given by (3.20). Higher-order terms depend on higher moments of
the induced charge distribution.

(iv) The effect of non-linearity in the interaction energy first enters the Laurent expansion
as an inverse quartic term, which we have derived explicitly (5.6). Its coefficient is
proportional to ¢ and to the shift in the centre of gravity of the induced charge as a
function of a perpendicular applied field. Its magnitude is negligible compared to the other
corrections to the image form previously mentioned, which are due at close range to the
surface corrugation and in the asymptotic region to the finite thickness of the induced charge.

Numerical calculations have been made in a supercell geometry for the interaction in the
neighbourhood of (111), (100) and (110} aluminium surfaces. The calculations were made
with a self-consistent PPM, the DCM and the cCM (which does not distinguish crystal faces).
Our numerical results are summarized in figures 2 and 3. They show the accuracy of
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the CCM to within about 5 au of the surface layer, within which the DCM is a superior
approximation, because it describes semiquantitatively the effect of surface corrugations.
The corrugations are most significant for the most loosely packed (110) surface.
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